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^ ■ Abstract 
> 



In the first sections of this paper we give an elementary but rigorous approach to the 
construction of the quantum Bosonic and supersymmetric string system continuing the 
analysis of Dimock. This includes the construction of the DDF operators without using 
the vertex algebras. Next we give a rigorous proof of the equivalence between the light- 
cone and the covariant quantization methods. Finally, we provide a new and simple proof 
' of the BRST quantization for these string models. 
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1 Introduction 



We follow the analysis of Dimock [2], [H| concerning the construction of the quantum Hilbert 
space of the Bosonic string and of the superstring the purpose being of presenting the facts as 
elementary as possible and in the same time rigorous. 

To be able to do that we start with a very simple method of constructing representations 
of the Virasoro and Kac-Moody algebras acting in Bosonic and Fermionic Fock spaces. We 
present a different way of computing things based on Wick theorem. Then we remind the 
main ingredients of the light-cone formalism and we prove the Poincare invariance of the string 
and superstring systems. Most of the results obtained in this paper are known in the standard 
literature 0, |TUJ , [TT], [T2], |H] but we offer some new simple proofs. There are various attempts 
to clarify the main mathematical aspects of this topics (see the references) but we are closest 
to the spirit of [T7j, [TS], [H] and 0,0- 

To establish the equivalence between the light-cone and the covariant formalism one needs 
the so-called DDF operators. Usually DDF operators are introduced using formal series which 
are elements of the so-called vertex algebras [5J . We present here an elementary derivation in 
the Bosonic case without using vertex algebras. Next we show that the covariant construction 
is equivalent (in the sense of group representation theory) with the light-cone construction; we 
are using the Hilbert space fiber-bundle formalism [21] . Finally we give an elementary proof of 
the BRST quantization procedure for all the string models considered previously. In particular 
we are able to find very explicit formulas for the cohomology of the BRST operator. 

2 Quadratic Hamiltonians in Fock spaces 
2.1 Bose systems of oscillators 

We consider the Hilbert space H with the scalar product < •, • > generated by iV Bose oscilla- 
tors; the creation and annihilation operators 1 , . . . , N and verify 

[a m , a+] = S mn ■ I [a m ,a n ]=0, [a+,a+] = 0, Vm, n = 1, . . . , N. (2.1) 

If Q G Ti is the vacuum state we have a m Q = 0, m > 0. As usual |T2| it is more convenient 
to introduce the operators a m , m = {±1, . . . , ±N} according to: 

a m = y/m a m ,Wm > a m = oi m , Vm < (2.2) 

Then the canonical commutation relation from above can be compactly written as follows: 

[a m , a n ) = m 5 m+n ■ I, Vm, n^O (2.3) 

where 5 m = 5 mj o and we also have 

a m Q = 0, m > 
a+ = a_ m Vm. (2.4) 
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To apply Wick theorem we will also need the 2-point function; we easily derive 

< Q, a m a n Q >= 6{m) m 5 m+n , Vm, n^O (2.5) 
where 9 is the usual Heaviside function. The main result is the following 
Theorem 2.1 Let us consider operators of the form 

H(A) = ^A mn : a m a n : (2.6) 

where A is a symmetric matrix A T = A and the double dots give the Wick ordering. Then: 

[H(A), H(B)} = H([A, B]) + u a (A, B) ■ I (2.7) 
where the commutator [A, B] = A ■ B — B ■ A is computed using the following matrix product 

(A ■ B) pq = J2 mA pm B-iua (2.8) 

and we have defined 

u a (A, B) = ^J2 mn A mn #-n -m - (A «-> B). (2.9) 

m,n>0 

Proof: Is elementary and relies on computing the expression H(A)H(B) using Wick theo- 
rem: 

H(A)H(B) =: H(A)H(B) : 

+ -A mn B pq [< Q, a m a p Q >: a n a q : +(m <-> n) + (p <-> q) + (m <-> n,p <-> g)] 

+ < fi, a m a p fi >< fi, a„a g fi > •/+ < fi, a m a g f2 >< Q, a n a p Q > -I] (2.10) 

If we use the 2-point function we easily arrive at the formula from the statement. ■ 
Now we extend the previous result to the case when we have an infinite number of oscillators. 
We consider that mGZ* and the matrix A is semi-finite i.e. there exists N > such that 

A mn = for \m + n\>N. (2.11) 

We note that if A and B are semi-finite then A ■ B is also semi-finite. We will need the 
algebraic Fock space which is the subspace T>q C TC with finite number of particles. The 
elements of V Q are, by definition, finite linear combinations of vectors of the type a+ x . . . a+^Q; 
the subspace V is dense in TC. Then one can prove easily that the operator H(A) is well defined 
on £>0) leaves T> invariant and formula (J2.7)) remains true in T> . 

We will need an extension of this result namely we want to consider the case when the index 
m takes the value m = also i.e. m G Z and we preserve the commutation relation (|2.3|) . We 
note that the relation ()2.5|) is not valid if one (or both) of the indices are null so the previous 
proof does not work. It can be proved, however, directly that the statement of the theorem 
remains true if we extend accordingly the definition of the matrix product including the value 
also i.e in (J2.8|) we leave aside the restriction m = 0. In general, the Hilbert space of this case 
will not be entirely of Fock type: the operators a m m ^ will live in a Fock space tensored 
with another Hilbert space where live the operators olq. 
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2.2 A Systems of Fermi Oscillators 

We consider the Hilbert space H with the scalar product < •, • > generated by iV Fermi 
oscillators; the creation and annihilation operators are b m , 6+ , m — 1, . . . , N and verify 

{b m ,b n } = 5 mn -I {b m ,b n } = 0, {&+,&+} = 0, Vm,n^0. (2.12) 

If Q G 7i is the vacuum state we have b m Q = 0, m > 0. As above it is more convenient to 
introduce the operators b m , m = {±1, . . . , ±N} according to: 

b m = b m ,ym>0 b m = bt rn ,Vm<0 (2.13) 

and the canonical anti-commutation relation from above can be compactly rewritten as follows: 

{b m , b n } = 5 m+n ■ I, Vm, n^O. (2.14) 

We also have 

b m fl = 0, m > 

b m = b. m . (2.15) 

The 2-point function is in this case: 

< n, b m b n n >= 9(m)5 m+n , Vm, n^O. (2.16) 
The main result is the following 
Theorem 2.2 Let us consider operators of the form 

H{A) = l -A mn : b rn b n : (2.17) 

where A is a antisymmetric matrix A T = —A and the double dots give the Wick ordering. Then: 

[H(A), H(B)] = H([A, B]) + u b (A, B) ■ I (2.18) 
where the commutator [A,B] = A ■ B — B ■ A is computed using the following matrix product 

(A-B) pq = J2 A pmB-m, q (2.19) 

and we have defined 

u b (A, B) = ^J2 A mn B- n ,- m -(A^B). (2.20) 

m,n>0 

The proof is similar to the preceding theorem. The previous result can be extended to the 
case when we have an infinite number of oscillators i.e. m G Z* and the matrix A is semi-finite: 
the operator H(A) is well defined on the corresponding algebraic Fock space V , leaves invariant 
this subspace and the previous theorem remains true. 
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2.3 Another System of Fermi Oscillators 

We extend the previous results to the case when the value m = is allowed i.e. the Hilbert 
space TC is generated by the operators d m , m = —N, . . . , N and verify 

{d m , d n } = 5 mn ■ I Vm, n 

d m n = Vm > (2.21) 

where Q e H is the vacuum state. One can realize this construction if one takes Ti = T ® s C 
where T is the Fock space from the preceding Section, C is the Clifford algebra generated by 
the element b Q verifying b\ = b b$ — 1/2 and the skew tensor product ® s is chosen such 
that the operators 

d n = b n ® s l 2 Vm ^ d = h <g> s b (2.22) 

verify (j2.21j) . Another more explicit construction is to consider the Hilbert space is generated 
by the creation and annihilation operators b m , 6+ , m = 0, . . . , N such that we have b m Vt = 
0, m > and to define the operators d m , m = {—N, . . . , iV} according to: 

{b m , for m > 

^{b + b+), form = (2.23) 
fol m , for m < 

The 2-point function is in this case: 

< Q, d m d n Q >= 9 + (m)5 m+n , Vm,n (2.24) 

where we have introduced the modified Heaviside function 

for m > 

+ {m) = { i for m = . (2.25) 




It follows that the main result is similar to the previous one: 
Theorem 2.3 Let us consider operators of the form 

H{A) = X -A mn : d m d n : (2.26) 

where A is a antisymmetric matrix A T = —A and the double dots give the Wick ordering. Then: 

[H(A), H{B)) = H{[A, B]) + u d (A, B) ■ I (2.27) 
where the commutator [A, B] = A ■ B — B ■ A is computed using the following matrix product 

N 



(A ■ B) pq = ^ Ap m B^ m ^ q (2.28) 



m=-N 
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and we have defined 

uj d (A, B) = ^J2 0+(m)e + (n)A mn B_ n ^ m -(A^B). (2.29) 

m,n>0 



The proof is similar to the preceding Section. The previous result can be extended to the 
case when we have an infinite number of oscillators i.e. m G Z and the matrix A is semi-finite: 
the operator H(A) is well defined on the corresponding algebraic Fock space T>o, leaves invariant 
this subspace and the previous theorem remains true. 

Remark 2.4 It follows easily that the expressions u a ,Ub,Ud, are 2-cocyles. They are quantum 
obstructions (or anomalies) because they do not appear if we work in classical field theory 
replacing the commutators by Poisson brackets. 



3 Virasoro Algebras in Fock Spaces 

We have constructed some Fock spaces for which we have a nice commutation relation of the 
bilinear operators. In all these cases we will be able to construct representations of the Virasoro 
algebra taking convenient expressions for the matrix A. We give the details corresponding to 
the structure of the closed strings. 



3.1 Bose Case 

Theorem 3.1 In the conditions of theorem \2. 1\ the operators given by the formulas 

L m = - ' a m-nOln ■ (3.1) 

are well defined on the algebraic Fock subspace, leave invariant this subspace and verify the 
following relations: 

f , _ , v m(m 2 — 1) 

L+ = L_ m Vm G Z 

L tt = 0. (3.2) 

Proof: We consider the matrices A m given by (^4m)pg = $p+q—m and we are in the conditions 
of theorem 12.11 the matrices A m are symmetric and semi- finite. It remains to prove that 
[A m ,74 n ] — (m — n)A m+n and to compute the 2-cocycle u a (A m , A n ) = rn( - rr ^~ 1 ^ S m+n and we 
obtain the commutation relation from the statement. ■ 

One can express everything in terms of the original creation and annihilation operators a*, 
if we use the holomorphic representation for the harmonic oscillator operators = z m a 
gj- we obtain the formula (7.2.10) from [T9*j . 
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It is important that we can extend the previous results to the case when a 7^ (see the 
end of Subsection 12.11 ) To preserve (|2.3|) we impose 

[a , a m \ = VmeZ* (3.3) 

and we keep the relation (J3.1j) without the restrictions n ^ 0, m; explicitly: 

L m = ... + a m a Vm^O, L = . . . + ~ a 2 (3.4) 

where by ... we mean the expressions from the preceding theorem corresponding to ao = 0. 
Eventually we have to consider a larger Hilbert space containing as a subspace the Fock space 
generated by the operators a n n^O. By direct computations we can prove that the statement 
of the theorem remains true; also we have 

[L m , a n ] = -n a m+n . (3.5) 

In the following we will use only the case when «o 7^ 0. 



3.2 First Fermi Case 

We have a similar result for the Fermi operators of type h: we will consider that these operators 
are b r indexed by r e ~ + Z and they verify: 

{b r ,b s } = S r+S ■ I, Vr, se^ + Z 

b r Q = 0, r > 

6+ = b_ r . (3.6) 

Then: 

Theorem 3.2 In i/ie conditions of theorem \2. "A the operators given by the formulas 

L m = 2 ^ ] ^ r + • b- r bm+r := 2 ^ ] r : b- r b m+r : (3-7) 

rel/2+Z ~ rel/2+Z 

are well defined on the algebraic Fock subspace, leave invariant this subspace and verify the 
following relations: 

r , , , m(m 2 — 1) 

Pud -^nj — (,w — n)L m+n H — o m + n ■ -/ . 



/ 1 -- T 

L fi = 0. (3.8) 

Proof: We consider the matrices A m given by (A m ) rs = |(s — r)5 r+s _ m and we are in the 
conditions of theorem 12.21 the matrices A m are anti-symmetric and semi-finite. It remains to 
compute the 2-cocycle Ub to obtain the commutation relation from the statement. ■ 

If we use the representation in terms of Grassmann variables 5+ = £ r b r = for these 
operators we obtain the formulas from ^§1 Pg- 225. 
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3.3 Second Fermi Case 



Finally we have a similar result for the Fermi operators of type d. 

Theorem 3.3 In the conditions of theorem \2. <A the operators given by the formulas 

Lm = — + —^j '■ d_ n d m+n := — n : d_ n d m+n : (3-9) 

are well defined on the algebraic Fock subspace, leave invariant this subspace and verify the 
following relations: 

r , _ , , m(m 2 + 2) 

[L>mi L n \ — [m — n)L m+n H — o m +n ■ 1 . 

[L m , d n ] = - [n + —j h 



rn+n 

L n = 0. (3.10) 

Proof: We consider the matrices A m given by (A m ) pq = |(g — p)5 p+q _ m and we are in the 
conditions of theorem 12.31 the matrices A m are anti-symmetric and semi-finite. It remains to 
compute the 2-cocycle u>d to obtain the commutation relation from the statement. ■ 

We observe that in the commutation relation of the preceding theorem the expression of the 
cocycle is different from the usual form c m< - m ^~ 1 ^ ■ we can fix this inconvenience immediately if 
we define: 

L m = L m Vm^O L Q = L + ^--I; (3.11) 

lb 

we obtain in this case: 

~ ~ ~ mirfi^ — 1) 

[L m , L n ] = (m — n)L m+n H — S m+n ■ I. (3.12) 

and 

L tt=^--I. (3.13) 
Id 

3.4 Multi-Dimensional Cases 

In the preceding Subsections we have obtained three representations of the Virasoro algebra 
corresponding to (c, h) = (1, 0), (|, 0) , (|, ^) . 

The previous results can be easily extended to a more general case. Let rf k = rjj k , j, k = 
1, . . . , D be a diagonal matrix with the diagonal elements ...,€£> = ±1. 

In the Bose case we can consider that we have the family of operators: <y J m ,m G Z,j = 
1, . . . , D acting in the Hilbert space T {a) such that: 

[ap m , a k n ] = m r} jk 5 m+n ■ I, Vm, n 
a j m VL = 0, m > 
(o4) + = oi m Vm. (3.14) 
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We can define 

L ^ = \Y^ ■■ <_ n a k n : (3.15) 

and we have: 

[L^,m = (m - n)Lt\ n + D H^-H 5m+n . /. (3. 16) 

In the first Fermi case we have the operators: V r) r G \ + Z, j = 1,...,D acting in the 
Hilbert space F {b) such that: 

{V r , b k s } = m k 5 r+s ■ I, Vr, s 

bln = o, r > 

(&i)+ = &i r Vr. (3.17) 



We define 



LS = \ £ ( r + j) V Jk :V-rb k m+r : (3.18) 



rel/2+Z 

are well defined and verify the following relations: 

[L$,LV] = (m - n)L% +n + D 5 m+n • I. (3.19) 

Finally, in the second Fermi case we have the operators d J m , m e Z, j — 1, . . . , D acting in 
the Hilbert space T d such that 

{dm, = TJjk 5 rn+n ■ I 

d^n = 0, m > 

{dl) + = dl m Mm. (3.20) 



We can define 



and we have the following relations: 

[L%\ = (m ~ n)L%in + D ^±±A 5m+n ■ I. (3.22) 

We redefine 

L$=L$ Vrn^O L«=lW + ^./; (3.23) 



we obtain in this case: 

24 



£S?, ££°] = (m - n)VX + D m( ™° 1} 5 m+ „ • I. (3.24) 



4^ = ^ • /■ (3-25) 



In all these cases the 2-cocycle gets multiplied by D. The Hilbert space has a positively 
defined scalar product only in the case e x = • • • = ejj = 1. 

We can combine the Bose and Fermi CclS6S clS follows. We consider the Hilbert spaces 
jr(NS) = jr(a) ^ -p(b) anc j -p{R) = jr{a) ^ jr(d) reS p ec tively; the Virasoro operators are 

L (NS) _ L (a) g, Ja + 7i ^ L (6) 

= ®I 2 + h® L« (3.26) 

and we have in both cases: 

[L C f 5,H) ) l( ns, R)] = {m _ n)L w*> + D m{m 2 -l) ^ . L (m 

These two constructions are called Neveau- Schwartz (and Ramond) respectively. In these 
cases one can extend the Virasoro algebra to a super- Virasoro algebra ^2] • 

We conclude this Subsection with some simple propositions. First we have a natural repre- 
sentation of the rotation group in the Fock space: 

Proposition 3.4 Suppose that the signature of rj is (r,s); then we can define in the corre- 
sponding Hilbert spaces a representation of the Lie algebra so(r, s) according to: 

J (d)jk = -i J2 d -md k m -U~k) (3.28) 

respectively. 

Indeed, we can obtain directly from the (anti) commutation relations in all the cases: 

[J k \ JPi] = -i ( v lp J jq + rf q J lp - r] kp J lg + V lq J kp ). (3.29) 
We also note that the Virasoro operators are rotational invariant: in all cases 

[J kl ,L m } = 0. (3.30) 
Next, we have a proposition which will be important for proving the Poincare invariance: 

Proposition 3.5 // f £ P an arbitrary vector from the algebraic Hilbert space then we 
have in all cases 

L m V = (3.31) 

for sufficiently large m > 0. 
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Proof: We consider only the one- dimensional Bose case; the other cases are similar. If \1/ is a 
vector in the algebraic Fock space it is clear that we have 

a m m = (3.32) 

for m sufficiently large. This implies immediately that all the sums in (|3.1|) are finite (it 
is better to re-express everything in terms of the original creation and annihilation opera- 
tors). It is clear that J2 n >o ■ ■ ■ a t a m+n^ = for sufficiently large m because of ()3.32|) . Also 
J2™=i ■ ■ ■ a ndm-n^ = for sufficiently large m; indeed, all the indices in the preceding sum are 
larger than y so again we can apply (J3.32j) . ■ 

It is known that any 2-cocycle of the Virasoro algebra is cohomologous to a standard form 
c " 1 ^ 2 ~ 1 ^ ; however, we can always add a trivial cocycle. 

Proposition 3.6 Suppose that we have 

Tfiivri^ — 1) 

[L m , L n ] = (m — n)L m+n + c — b~m+n 4 1 (3.33) 

and we redefine 

L m {a) =L m Vm ^ L (a) = L - a ■ I; aeR. (3.34) 

Then we have: 

m(m 2 — 1' 



[L m (a), L n (a)] = (m - n)L m+n (a) + 
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2am 



&m+n ' I- (3.35) 



4 Kac-Moody Algebras in Fock Spaces 



We use here the techniques from Section |21 We suppose that we have t^,A = l,...,r a 
iV-dimensional representation of the Lie algebra q: 

[tA,t B ] = fABctc] (4.1) 

here Jabc are the structure constants of g and we need also the Killing- Cartan form of the 
representation t: 

g AB = Tr(t A t B ). (4.2) 
We will suppose that the matrices t A are antisymmetric: 

t T A = -t A - (4.3) 

Finally, we will need the contra- gradient representation 

tA = -t\=i A VA (4.4) 

We will construct some representations of the Kac-Moody algebras acting in JF( 6 ) and J 7 ^ 
respectively. 
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4.1 Neveau- Schwartz Case 

In this case 

Theorem 4.1 In the conditions of theorem \2. <\ the operators given by the formulas 

K^ = \(t A ) ik ■■ b ~rb k m+r : (4.5) 

rel/2+Z 

are well defined on the algebraic Fock subspace, leave invariant this subspace and verify the 
following relation: 

[Kt K%\ = f A B C Kg +n + -m g AB 6 m+n ■ I. (4.6) 
We have in this case also the Hermiticity property: 

[Ki) + = -K A _ m (4.7) 

where K A is associated to the representation tA- 
The following commutation relation are true: 

[KtL n ]=mKi +n . (4.8) 

If \I/ e Do then we have 

Kip = (4.9) 

for m > large enough. 

Proof: We consider the matrices given by A^ = A m (g) t A where (A m ) rs = 5 r+s - m and 
we are in the conditions of theorem 12.21 the matrices A^ are anti-symmetric (because A m are 
symmetric and t A are anti-symmetric) and semi- finite. We can easily prove that L4^,A^] = 
fABC^m+n'^ ^ remains to compute the 2-cocycle u b to obtain the commutation relation (|4.6|) . 
The relation (J4.8)) follows from the same theorem 12.21 if we take A — > A^, B — > A n ® J 2 ; in 
this case the cocycle is null because Tr(t A ) = 0. The relation ()4.9|) is proved as Proposition 
1531 ■ 

We have an important particular case: 
Proposition 4.2 Let us consider the case q = so(D) with the fundamental representation 

{Ejk)pq = SjpSkg — SjgSkp- (4-10) 

Then the associated operators, denoted by K-£ verify the following relations: 
i K m> K n q \ = s k P K™ +n - 5 kq K% +n + 5 jq K% +n - S jp K^ +n + m (S kp S jq - S kq S jp ) S m+n ■ I (4.11) 

(*t) + = ~KL k m (4.12) 
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Proof: We apply theorem 12.21 in our case we have by direct computation 

[Ejk, E pq ] = 6kpEj q — 5kqEj P + 5j q Ek p — SjpEkq (4-13) 
and the Killing-Cartan form 

9jk,pq = 2(5 kp 8 jq - SkqSjp)- (4-14) 

Then we apply the preceding theorem. ■ 

From the commutation relation of the preceding Proposition we observe that - see ()3.28|) : 
j(b)jh _ _^ jfjk go we h ave another proof that these operators give a representation of the 
group so(D). 

Finally we give the following technical result [TT] : 

Proposition 4.3 In the preceding conditions, the following formula is true 

E m \ K -mKl ~ (J <- *)] + 2 J2( K ~ k m L m + + 2^% 

m>0 m>0 

8-D 



E(4r 2 - 1)[: 6L r 6f : -(j - k)] + (1 - 2a) K*; (4.15) 

r>0 

here L m = L m (a). 

Proof: First we note that all the sums are in fact finite when applied on the algebraic Fock 
space. Then one substitutes the expressions for K's and L's and applies Wick theorem. The 
computation is tedious but straightforward. ■ 

Let us note that we have a quantum anomaly in the right-hand side which vanishes for 
D = 8, a = \. 

4.2 Ramond Case 

Theorem 4.4 In the conditions of theorem \2. 3 the operators given by the formulas 

Ki = \ (t A ) jk £ : di n d k m+n : (4.16) 

are well defined on the algebraic Fock subspace, leave invariant this subspace and verify the 
same relations as in the preceding theorem. 

Proof: We consider the matrices A m given by = A m ® t A where (A m ) P g = 5 p+q _ m and we 
are in the conditions of theorem 12.31 ■ 
The technical result is in this case: 

Proposition 4.5 In the preceding conditions, the following formula is true 

m>0 m>0 

8 " D E k 2 [: dL r d k r ■ -U - k)] + 2a) K> k . (4.17) 



2 

fe>0 
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Again we have in the right-hand side a quantum anomaly which vanishes for D = 8, a = |. 



Remark 4.6 We noie i/jcrf in the relations fl^.i<5| ] and fr4-17\ ) the appearance of the constant a 
is in fact spurious: if we express the Virasoro operators L m in terms of the operators a,b or d 
then the constant a drops out. 



5 Light-Cone Coordinates 

In this Section we remind the basic ingredients of the light-cone description of the representa- 
tions of the Poincare group. We consider this group in D dimensions and we denote the indices 
by //, v = 0, 1, . . . , D — 1. Let r\^ v be the Minkowski diagonal form with diagijf) = 1, —1, . . . , — 1. 

Then the algebra of the Poincare group is generated by the basis elements P M , where 
Jp u is anti-symmetric. The Lie brackets are: 

[P", P v ] = 
[PM r p ] = i rf v P p - i r]^ P u 
[J"", JP X ] = i rfP JP X - i yfP r x - i rf x J»p + i rf x J vp . (5.1) 

Let us change the basis {P*, J» v ) -> (P ± , P j , J + ~ , J j± , J jk ) where j = 1, . . . , D - 2 and 

P ± = ^(P°±P D - 1 ) 
V 2 

P± = -^(P° ± P' 1 ^ 1 ) 

J+- = J°' D_1 . (5.2) 
Then in the new basis the Lie brackets are: 

[ P 61 ; p*2] _ g [p^ pi| = q ^ pfcj = q 

[P e ; p fc ] = [P J ', J+-] = 
[P £ , J+-] = ieP e 

[P« J**] = _I(l-e ie2 ) P^ 

[P^,J w ] = -i5 ife P' + ify P fc 
[pi,J fce ] = -i<$ iJfc p^ 
[J+-,p fc ] = 
[J+-,P e ] = e J je 

[J Je \ J ke2 } = ~ (-1 + eie 2 ) P fe + l - (e 2 - Cl ) 5,, J+~ 
[J* J fc '] = _i 5 jfc ^ + i 
[j« J P9 ] = -i 6 lp J kq + i 5 kp J 1 * + i 8 lg J k ? - i 6 kq J 1 ?; (5.3) 
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here j, k, I = 1, . . . , D — 2 and e = ±. 

We will need the representation of mass m > and spin in light-cone coordinates. The 
Hilbert space is 

H [m,0] _ H lm] _ L 2 f R D-l^ ^ 

where dp = dp 1 . . . dp ' 1 , p° = a/p 2 + m 2 and p 2 = (p 1 ) 2 + ■ • • (p D_1 ) 2 - 

One can easily derive the expressions of the Lie algebra generators; they are: 

(^ dp k ^ dpi 

K j = L j0 = % p° A (5.5) 
dpi v ' 

where j, k = 1, . . . , D — 1. These operators are defined on C°°(]R D_1 ) where they are essentially 
self-adjoint; one can easily verify that on this domain the relations ()5.1|) are valid. 
Now we perform a change of variables 

(p 1 ,...,p D - 1 )^(p + ,p) (5.6) 

where 

p + = -^(p° + p - 1 ) p = {p\ ■ ■ ■ ,p d ~ 2 ); (5.7) 



here, as before, we have denoted p° = \/p 2 + m 2 . We will also denote p 2 = (p 1 ) 2 + ■ • ■ (p D 2 ) 2 . 
The converse of this change of variables is: 

p D -i = -L(p+-p-) (5.8) 

where we have introduced the notation 

P =P (P ,p) = 2p+ ■ (5.9) 

Now we re-express the measure ^ in the new variables and easily get: 



2p° 

dp dpdp A 



2p° 2p^ 



(5.10) 



Let us note that for m > the variable p + takes values in the whole positive real axis so, 
in the new variables the Hilbert space is 

«H = L 2 (r+ x R D - 2 , (5.11) 



14 



where as usual M + = (0, oo). The unitary transformation connecting the two representations is 



V : L 2 (R D -\ ^) - L 2 (R + x R D ~ 2 } ^) 



is: 



(Vf)(p\p) = f^^f-y, (5.12) 

the inverse of this transformation can be easily provided. 

It is a straightforward exercise to derive the expressions of the Lie algebra generators in the 
light-cone coordinates: 

pi = p> p+= p + p-=p- = p2 + m ' 
F F F 2p+ 

£J "= i (fw+'w) L+ ' = - p+ ^ (513) 

where j, k = 1, . . . , D — 2. These operators are defined on TM^ = C°°(R + x M 15 " 2 ) where they 
are essentially self-adjoint; one can easily verify that on this domain the relations (J5.3|) are 
valid. 

The extensions of the preceding formulas to the case of arbitrary m (i.e. m = and m 
purely imaginary) can be done using Lemma 3 of j 3] . We define for any j = 1 , . . . , D — 1 
expressions of the type p + namely 

p+ = -L(p°+^') (5.14) 

Vj = {(pty, . . . ,p j -\p j+1 , . . . ,p D - 1 ) eR + x R D - 2 }. (5.15) 

In every such chart there are no singularities and one can consider the corresponding measure 
defined as in (|5.10j) . The reunion of all these charts is a cover of the whole mass shell and if 
we consider a partition of the unity subordinated to this partition then we can obtain the 
corresponding measure in light-cone coordinates. 



and the chart 



6 Quantum Strings and Superstrings 

In this Section we use the preceding construction to give a proper mathematical definition for 
the string and superstring systems. 

6.1 The Quantum Bosonic String 

We introduce the following construction. First we consider the system of Bose oscillators 
a J m , m G Z*, j = 1, . . . , D — 2 (i.e. we exclude for the moment the value m = 0). The Hilbert 
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space generated by these operators is we are in the conditions of Subsections 13. II and 13.41 
We now consider the following Hilbert space: 

with ftM defined by (fBTTTjl : we are denoting the mass by \i > to avoid confusion with the 
indices m G Z. If we identify the Fock space JF( Q ) with its dual (using the scalar product 
< v >a) then we can describe the preceding Hilbert space as the space of Borel maps from IR 3 
into square integrable with respect to the scalar product 



<f>9>=J ^<f(p),9(p)>a- (6.2) 



We define 

ai=jP j = l,...,D-2 (6.3) 
and we can define the Virasoro generators by 

L t ] = \ E : °^-rrii ■ -oS m ■ I (6.4) 

(i.e. we are in the conditions from Subsection 13.41 with e\ = . . . = €d~2 — 1)- More rigorously 
we have 



Lt ] = h ® ~ I E : al_ n ai : J + jP ® < Vm ^ 

L o a) = J i ® Yl : a ~" a n : +Ip 2 ®h-a-I (6.5) 



n>0 

but we an use the more compact definition (|fi.4j) without risk of confusion. By a slight abuse 
of notation we will called T>q ~ ® £>o the algebraic Fock space. Then we have 

Lemma 6.1 The operators : 7-^' Q ) — > T-C^' a \ j = 1, ...,£) — 2 are we// defined on the 
algebraic Fock by the formulas 

E 3 = -i E — ("-m - i-mO (6.6) 
m>0 

and are formally self-adjoint. 

Proof: We have noticed previously that the vectors c^\I/ and L m \l/ (here \I/ G X\j) are nu U f° r 
sufficiently large m > (see Proposition 13.51 ) It follows that the sums in (J6.6|) are in fact finite 
if we consider vectors of the form . ■ 

It is convenient to introduce the Hamiltonian operator according to 

#<«) = ■ ct n < := n (<) + < ( 6 - 7 ) 

n>0 n>0 

Now we have the main result: 
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Theorem 6.2 Let us define the following operators on T> 



o 



2 



2 



P± = p± ® I 2 pi = p> ®L 
J« = L kl ®I 2 + h® J ia)kl J k+ = L k+ <g> I 

J k ~ = L k ~ ®I 2 + -^-E k J+~ = L + - ® I 2 - (6.8) 
p+ 

here k, I = 1, . . . , D — 2 as nsna/ and the operators j( a ) kl are those defined by the first formula 
of k3.2tfy . Then these operators are a representation of the Poincare Lie algebra iff D = 26 and 
we consider only the states from the physical Hilbert space 

KhS = G H M \H^ = fl + ttj . (6.9) 



Proof: We have to check the formulas (|5.3|l . Of course, we will use the fact the the operators 
L ~ verify these relations as stated in the previous Section so the non-trivial ones must have at 
least a J k ~ entry. We are left with the following non-trivial relations to check: 

[J+-, J k -] = % J k - [P + , J k -] = -i P k - i 5 jk J + - 
[JJ-, J kl ] = -i 8 jk f- + 1 S fl J k - J k -] = 0. (6.10) 

The first three preceding relations can be checked elementary and do not produce anomalies. 
Only the last relation is highly non-trivial. To compute the commutator [J- 5- , J k ~] = we use 
the elementary formula 

[AB, CD] = A[B, C]D + AC[B, D] + [A, C]DB + C[A, D]B. (6.11) 

We need to compute first 

[E j , E k ] = -(Cf + Cf - H.c.) (6.12) 

where 

Ct= J2 —W- m L m ,a k _ n L n ] Ci k = —\al m L mi L. n a k n \ (6.13) 

m,n>0 m,n>0 

and we understand that all operators are acting on vectors from the algebraic Fock space. 
These commutators can be computed using the formulas (j6.11|) and ()3.15|) with D — > D — 2. 
One checks that at every stage of the computations the sums are in fact finite because we apply 
the commutators only on vectors from the algebraic Fock space. We give only the final results: 



\m>0 m>n>0 / 



m » — ' n 

m>n>0 n>m>0 



m>0 



D-2Q If D-2 
m 1 2a 
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c/ m < + ... (6.14) 



where by ... we mean a term proportional to Sjk which disappears from (|6.12j) . We finally 
obtain 



[E^E k } = Y J 



m>0 L 



D - 26 



m- 



12 



1 

m 



2a 



D 



12 



\a j a k 



(j 



+i [jPE k - p k &) + 2 -iol m a k m - (j <- k)}L . 



(6.15) 



m>0 



Let us note that if we use the definition ()6.5|) we have: Lq = + ^p 2 — a and we observe 
that the constant a drops out! Now we insert the commutator ()6.15|) in the formula 



+ V 



E 



-k- 



V 



[U-,L k ~ 
1 



■[E j ,E k 



{p+) 2 

E> + —(L J -E k ) - ^-(L k -E 3 ' 
p+ p+ 



(6.16) 



and get the final result 



m>0 



D 



m- 



12 



- + -{ 2H& 



m 



D 



12 



(6.17) 



equating to zero we obtain the value of D and also the expression for the physical Hilbert space. 
It remains to show that the physical Hilbert space is Poincare invariant i.e. it is left invariant 
by the operators ()6.8|) from the statement. This follows from 



[H^,K^] = [L ,K^] = 



(6.18) 



and the proof is finished. ■ 

Let us remark that the vacuum Q does not belong to the physical Hilbert space. The 
preceding system seems to be closest to what the physical intuition tells us a vibrating string of 
mass fi should be: the first factor in (|6.1|) describes the translation of the string in space-time 
and the second factor the vibrations of the string in the rest frame. Because the operator 
has the spectrum a(H^) = Z we obtain that in this case the mass jx is quantized: li 2 E 2 ■ N. 

However, a different construction is preferred in the literature and is called the Bosonic 
string. Instead of (j6.1|) we take 



H {b) EE (©/ 6 L^ [W1 ) 



(6.19) 



where we the sum is over an unspecified set L (not necessarily finite) of masses. The extensions 
of the formulas (J6.8j) to this case are obvious. (In fact, 7v® is a direct sum of Hilbert spaces of 
the type TC^' 01 '). The same computation as above leads to 



[JJ-,J k - 



(P 



m>0 



D-2Q 



m- 



12 



— ( 2H& 

m 



D-2 
12 



V 



(6.20) 
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where now 



P 2 = ®ieL$h- 



(6.21) 



We obtain as before D = 26 but the physical Hilbert space is 

KL = {^^ H {b) \2(H^ - = p 2 ^} . (6.22) 

In this way we get tachyons in the spectrum of the model (for instance the vacuum state 
corresponds to p 2 = —2). In this case the expression of J kl from (|6.8|) makes sense only on 
functions defined in the chart Vd-i and of compact support (such that the singularity in p + = 
is integrable). Similar constructions must be considered in all charts. 

We note in the end that the necessity of considering only states lying in the physical Hilbert 
space ()6.9|) or ()6.22|) appears in the standard literature in a different form e.g. equation (2.3.12) 
from [T2]. We also note that the condition a = 1 appearing frequently in the literature is not 
needed. Apparently this fact is known in the literature but we cannot provide an explicit 
reference on this point. 



6.2 The Neveau- Schwartz Superstring 

We generalize the previous arguments for the superstring. In the NS case we consider the Hilbert 
space generated by the system of Bose oscillators a J m , m e Z*,j = 1, . . . , D — 2 (i.e. we exclude 
for the moment the value m = 0) and the the Fermi oscillators bi r ,r G ~ + Z, j = 1, . . . , D — 2; 
The Hilbert space generated by these operators is JF^ 5 ); we are in the conditions of Subsections 
and 13.41 We now consider the following Hilbert space: 



n (NS)= H M <g) j*NS) (6 _ 23) 

with 7& ] defined by (EHll . We define as in the previous Subsection 

ai=p> j = l,...,D-2 (6.24) 
and we are in the conditions of Subsection 13.41 so we can define the Virasoro generators 

L m } = \ Yl '■ ^-« a » : + \ Yl 7 '■ V-rKi+r ■ ' (6-25) 

n&L r&l/2+Z 

Then we can define the operators E\ : T-C^ NS ^ — > H,( NS \ j — 1, . . . , D — 2 on the algebraic 
Fock space by the formulas 



E' J = -i 

m 



Y —( a -m L m - L- m a 3 m ) (6.26) 

m>0 

pi = -iJ2 K* m a l m = -i J2( a - m K% + K^M ~ iK o< (6-27) 



m>0 
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where the operators K£ have been defined in the Subsection 0] We remark that the expression 
(|6.26|) formally coincides with (|6.6|) but the expression of L m is in fact different: we have a 
Fermi contribution in (|6.25|) . 

K j = E j + F j (6.28) 

and all operators E\F\K^ are formally self-adjoint. The Hamiltonian operator also has a 
Fermi contribution: 



H (NS) = J- : ai n ai : + £ r : := £ 



n>0 



n>0 r>0 

Now we have the main result: 
Theorem 6.3 Let us define the following operators on P' m ' (g> £>o 



E 

r>0 



(6.29) 



5± 



J kl = L kl ®I 2 + h®j( NS ) kl 
>/ 2 1 



P-? =p> (gi J 2 
+ = L fc+ ® J 2 
= L+- ® J 2 ; 



(6.30) 



/jere fc, / = 1, . . . , -D — 2 as usiiaZ and i/ie operators J\ NS ) kl = j( a ) kl _|_ j( 6 ) fei are t/^ose defined by 
the formula h8.2ty . Then these operators are a representation of the Poincare Lie algebra iff 
D = 10 and we consider only the states from the physical Hilbert space 



H 



(NS) 
phys 



(6.31) 



Proof: As in the previous Subsection we check the formulas (J5.3)) and the obstructions can 
come only from the commutator [J- 7- , J k ~]. The commutator [P 7 , E k ] can be obtained from the 
corresponding formula of the preceding Subsection with the substitution — > in the 
commutators of L m 's as it follows by comparing ()3.15|) to (J3.27J1 . We get in this way easily: 



[E\E k ] = Y. 



m>0 L 



D - 10 1 , , 
m 1 ( 2a 

8 m 



D 



a k a J 

—m m 



+i {p>E k -p k E j ) +2^^[. 



a J a k 



(j «-> fc) 

(j <-> fc)]A>- 



(6.32) 



m>0 



To obtain the expression [P- 7 , K k ] we still have to compute the commutators [P- 7 , P fc ] and 
[pi ? p&] f or w hich we use again (j6.11|) . After a tedious but straightforward algebra we get 



(p 



-y 

' m>0 

D- 10 
4 



a fc a- 7 — (?' 

—mm w 



D - 10 1 



,„ _ + _( 2 P^ s ) 



D-2 



^r(2r - 1) [6i r 6 r fc - (j «- k)] + -1 (2P^ S ) - 1 - /x 2 ) P^ fc ; (6.33) 



r>0 
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to obtain this formula we use in an essential way the formula (J4.15|) of Section 0] Now we 
equate to zero the right hand side and the theorem follows. ■ 

The vacuum Q does not belong to the physical Hilbert space in this case also. As in the 
preceding Subsection, a different construction is preferred in the literature and is called the 
Neveau- Schwartz superstring. Instead of (|6.23j) we take 



n 



(NS) 



7 {NS). 



(6.34) 



where we the sum is over an unspecified set L of masses. The extensions of the formulas (|6.3U|) 
to this case are obvious. The same computation as above leads to 



[J j ~,J k 



(p+) 



a k _ m a 3 m - (j <-> k)] 



+ 



m>0 

D - 10 



D-10 If D-2 

m + — 2H {NS) 

8 m V 8 



P~ 



Y^r(2r - 1) [bL r b k - (j <-> k)] + -1 {2H^ - 1 - p 2 ) K J k ; (6.35) 

r>0 & 



where now 



We obtain as before D 



p = ®l & LHlIl- 

10 but the physical Hilbert space is 



n 



(NS) 
phys 



(6.36) 



(6.37) 



In this way we get tachyons in the spectrum of the model (for instance the vacuum state 
corresponds to p 2 = —1). One can eliminate the tachyons imposing the GSO condition 



namely, considering that the physical Hilbert space is the subspace of H-j^y] generated by odd 
numbers of b oscillators and arbitrary numbers of a oscillators; this subspace is again Poincare 
invariant. The parameter a remains unconstrained in this case also. 



6.3 The Ramond Superstring 

In the Ramond case we consider the Hilbert space generated by the system of Bose oscillators 
a 3 m , m G Z*,j = 1, ...,£) — 2 (i.e. we exclude for the moment the value m = 0) and the the 
Fermi oscillators d? m , mGZ,j = l,...,D-2; the Hilbert space generated by these operators 
is 

T (R) 

we are in the conditions of Subsections 13.21 and 13.41 We consider the following Hilbert 

space: 

H {R) = jr{R) ( a3g ) 
with 7& ] defined by flETQ). We define 

ai=p^ j = l,...,D-2 (6.39) 
and we are in the conditions of Subsection 13.41 so we can define the Virasoro generators 

L m } = \ '■ a ™-n a i ■ +\ H '■ d ~n d m+n ■ + ~ « j S m ■ J| (6.40) 
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we remark that we have included the shift (|3.23j) of L such that we have the canonical form for 
the 2-cocycle of the Virasoro algebra. Then we can define the operators E j , F j , K j : H {NS) -> 
T~C^ NS \ j = 1, • • • ,D — 2 on the algebraic Fock by the same formulas as in the preceding 
Subsection (however the Virasoro operators are different). 

In this case the Hamiltonian operator also has a Fermi contribution: 

H (R) = : ai n ai : + £ n : d?_J n := £ n + £ n : d^d* : (6.41) 

n>0 n>0 n>0 n>0 

Now the main result is: 
Theorem 6.4 Let us define the following operators on P' m ' <S> T>o : 

P± = pf± <g> J 2 pi =p> ®I 2 

jh = jja ®i 2 + i lt % j(m jk+ = L k+ g, /2 

J fc - = L fc " ® J 2 + ^7T fc J+- = L+- <g> J 2 ; (6.42) 

Ziere fc, Z = 1, . . . , D — 2 as nsna/ and iae operators J\ R ) kl = j( a ) kl _|_ jw& are those defined by 
the formula hS.2^l . Then these operators are a representation of the Poincare Lie algebra iff 
D = 10 and we consider only the states from the physical Hilbert space 

KZ = e H {NS ^ NS ^ = ^| . (6.43) 

Proof: Formally, the content of this theorem coincides with the previous theorem. Similar 
computations, making use of (|4.17jl this time, lead to: 



m>0 



+ E M - 0' ^ + 4 ( 2 ^ (R) - ^ < (6-44) 

n>0 ^ 

and equating to zero the right hand side and the theorem follows. ■ 

In the Ramond model the vacuum fl belongs to the physical Hilbert space. As in the 
preceding Subsection, a different construction is preferred in the literature and is called the 
Ramond superstring. Instead of (j6.38|) we take 

H {R) = (®ieLn [ " l] ) ®F( R) ; (6.45) 

where we the sum is over an unspecified set L of masses. The extensions of the formulas ()6.42|) 
to this case are obvious. We obtain as before D = 10 but the physical Hilbert space is 



(6.46) 

In this way we do not get tachyons in the spectrum of the model. 
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6.4 Other Superstring Models 

From the preceding two Subsections it is clear that formulas of the type (j4.15|) and (J4.17)) are 
essential for establishing Lorentz invariance. We investigate now if such formulas can be valid 
for more general cases. More precisely, suppose that we have a iV-dimensional representation 
Vjkiii k — 1, . . . , D of the algebra so(D) such that 

aj k = -a jk] (6.47) 

then we can define the associated Kac-Moody algebras K^(a) according to the formulas (j4.5|) 
and ()4.16|) respectively. We are interested if in some special cases formulas of the type (|4.15|) 
and (J4.17|) hold. A necessary condition is that the terms quadratic in the operators b (resp. d) 
cancel identically. It is not very difficult to prove that this requirement is equivalent to 

V X jk : V 1 . . .b pA : = (6.48) 

ri + ...+r 4 =0 

where 

= {n + r 2 ){(r j i)p 1P2 {a kl ) mm + (r 3 - n){a jk ) plP2 5 mP4 (6.49) 

in the Neveau-Schwartz case and similar relations for the Ramond case. The relation ()6.48|) is 
equivalent to 

X£ ri ;.,, P ,r 4 ~ (1 ~ 3) - (1 <- 4) - (2 ^ 3) - (2 «-> 4) + (1 ^ 3, 2 ^ 4) = 0. (6.50) 

One inserts here the definition (|6.49|) and eliminates = — (r x + r<i + r^); the result is an 
equation of the form 

+ r 2 E®% 4 + r,E$% = (6.51) 

so we obtain three relations 

= a = 1,2,3. (6.52) 

One can easily see that the relation 

£(D + £(2) _ E <3) = o (6.53) 

is equivalent to 

(crji)ab(cr k i) cd - (j = S bd (cr jk ) ac - (a b) - (c <-> d) + (a <-> b,c <-> d) (6.54) 

and conversely (|6.54j) is implies (|6.52|) . Moreover, if we have (|6.54j) the one can prove that 
relations of the type (|4.15J) and (|4.17|) hold and we have Lorentz invariance theorems like in 
the preceding Subsection in 10 dimensions. So the key relation ()6.54j) must be analyzed in the 
case D = 8. We note that in this case one should modify in an appropriate way the expression 
()3.28|) for the generators of the rotations J^ k and J^ k . 

One can obtain an important consequence of 1)6.54)1 if we take b = c and sum over b = 
1,...,N. We obtain 

[crjl, CTki] = (2 - N)o jk \ (6.55) 
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on the other hand we have from the representation property of <ij k 



[crji, <?ki} = (2 - D)a jk (6.56) 

so we conclude that the representation aj k should be D- dimensional, i.e. we need to consider 
only the representations of dimension 8 of the algebra so(8). It is known that there are four 
(non-equivalent) such representations: the vector representation (which we have already used 
in the preceding Subsection), the adjoint representation and two the spinor representations 8 S 
and 8 C of opposite chirality. It seems that the identity (J6.54j) is valid for the for the spinor 
representations also but the details are not easily found in the literature so we provide an ele- 
mentary analysis. First, it is clear that if we multiply ()6.54|) with M^ c and make the summation 
we obtain an equivalent relation 

Tr{a 3l M)a kl - (j <-> k) = [M - M T , a jk ], VM. (6.57) 

If M is symmetric then the preceding relation is an identity. So (|6.54|) is equivalent to 

Tr{a 3l M)a kl - (j <-> k) = 2 [M, a jk ] (6.58) 

for all antisymmetric N x N- matrices M. Now the number of N x N- antisymmetric matrices is 
N ^ N ^ 1 ^ ■ on the other hand the number of matrices Oj k is D ^ D ~ Vs > , But we have already established 
that = D so if the matrices Oj k are linear independent the relation (|6.58J) is equivalent to 

Tr(a j ia pq )a k i - (j k) = 2 [cr pq , a jk ), Vp, q. (6.59) 

In particular is is easy to see that the fundamental representation Ej k verifies the preceding 
identity. We check the identity for the spinor representations. According to ^2] one can 
describe the spinor representations of the algebra so(2n) considering the Fermi Fock space S 
generated by the operators bj,b*,j = 1, . . . , n; we have the CAR algebra: 

{b v b k } = {b j ,bt} = 6 jk . (6.60) 

Next, we define the operators 

lj = b j + b*, j = l,...,n 
Jj = ~i (b n ~j - b* n _j), j = n + 1, . . . , 2n (6.61) 

and prove immediately that they form a 2 n - dimensional representation of the Clifford algebra 
C(2n, 0) i.e. we have 

{lj,lk} = S jk ■ I. (6.62) 
Then a representation of the algebra so(2n) is given by the operators 

Vjk = ihhlk]- (6.63) 

This representation is not irreducible. In fact let us denote by S + (resp. £_) the subspaces of 
S generated by applying an even (resp. odd) number of creation operators b* on the vacuum. 
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The projectors on these subspaces will be denoted by P±. It is easy to see that these two 
subspaces are left invariant by the representation <jjk so it makes sense to define the restrictions 
(7 fe . The operators cr- fe are immediately seen to be linear independent. It is also easy to prove 
that dim(S + ) = dim(S-) = 2 n ~ 1 i.e. both representations a^ k . are of the same dimension 2 n_1 ; 
these are, by definition, the spinor representations of the algebra so(2n). Finally we prove: 

Tr{a%a%) = 2"~ 3 (5 kp 5 jq - 5 jp 5 kq ). (6.64) 

Indeed, because the left hand side is a SO(2n)- invariant tensor and because of the anti- 
symmetry properties we know that the right hand side must have the form A (Sk p Sj q — Sj P Sk q ); 
to determine the constant A we consider a particular case, say p = j,q = k j ^ k and we 
obtain 

A = -Tr{a 2 jk P±) = -Tr{P±) = -dim(S±) = 2 n ~ 3 . (6.65) 
4 4 

It follows that only for n = 4 we have A = 2 and in this case if we use (J6.64j) in (J6.59)) we 
obtain an identity. It follows that the two spinor representations of so(8) verify the identity 
f|6.58|) so they can be used to construct supersymmetric string models as in the preceding two 
Subsections. These models are considered more consistent because we quantize using Fermi 
statistics oscillators pertaining to spinor representations so we are in agreement with spin- 
statistics correspondence. Moreover these models exhibit also supersymmetry invariance. 

There is yet another possibility of constructing consistent models, namely by modifying 
the Bosonic string from Subsection 16.11 We consider that we have another representation of 
the Virasoro algebra L c m with central charge c acting in the Hilbert space 7i c ; we consider the 
Hilbert space 7i^ a ® 7i c where 7i fl,a is given by (|6.1|) and modify the Virasoro algebra given by 
()6.4|) according to L m — > L m + L c m . Because the central charges are additive the new Virasoro 
algebra will have the central charge D — 2 + c so the consistency condition is in this case 

c = 26-£> (6.66) 

and the expression of the physical Hilbert space from theorem 16 . 21 remains the same. In partic- 
ular if we want a model in D = 10 dimensions we must find out a representation of the Virasoro 
algebra with central charge c = 16. It is known that such representations can be found for the 
groups 5*0(32) and x E 8 using Sugawara construction [T3]. This new possibility is used in 
the construction of the heterotic string models. 

For the description of closed strings a doubling of the Bose oscillators a^ m appears corre- 
sponding to the left and right oscillator modes. Composing in various ways the models described 
above one can obtain the well-known string models of type I, IIA, IIB and heterotic. 

7 Covariant Quantization of Strings and Superstrings 

One can construct a manifestly covariant formalism also j!2j . The idea is to take in Subsection 
13.41 the case eo = — l,£i = . . . = Cd-i = 1. In this way the Hilbert space will have states of 
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negative or zero norm. So we consider that we have the family of operators: a^m G Z*,// = 
0, . . . , D acting in the Hilbert space J^iol such that: 

a^tt = 0, m > 

«)+ = o^ m Vm; (7.1) 

this Hilbert space will not be positively defined. Define the Virasoro operators 

L m = ~ Vnu '■ a ™~n a n ■ ( 7 - 2 ) 

and we have the following commutation relations: 

[L m , L n ] = (m - n)L m+n + D m(jn *~ ^ 5 m+n ■ I. (7.3) 



Proposition 7.1 We consider k G 1R D and recursively define the operators U n (k),n G N ac- 
cording to 

1 n 

U = I U n (k) = -J2u n -i(k)k ■ a t . (7.4) 

i=i 

For convenience we define U n — Vn < 0. TTien £/ie following relation is valid: 

K, C/nW] = 0(m - 1) ^ C/ m+n (£;) (7.5) 
where 8(m) is the usual Heaviside function. 

The proof is easily done by induction on n. Let us remark that the expressions U n (k) are the 
coefficients of the formal series in z G C : 

U(z,k) = e A ^ h) A(z,k) = y"-k-a n z n . (7.6) 

^ n 

n>l 

The recurrence relation from the statement of the proposition can be found if we compute 
the derivative of 

U(z,k)=J2Un(k)z n (7.7) 

n>l 

in two ways. The explicit relation is 

^) = E^ E E —-——(/.• • '», ) • " (/•' ■ '>,..) (7.8) 

but it is convenient to work with the recurrence relation and not with the explicit expression 
given above. 
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The operators U n (k) are leaving the algebraic Fock space V invariant and moreover for 
every \l/ G T> we have 

U n (k)V = (7.9) 
for sufficiently large n. It is useful to expressed the formal series relations: 

[U(z,k)\U(z,k')} = for k-k' = 

U(z,k)U(z,k') = U(z,k + k'). (7.10) 

in terms of the U p (k) operators. In particular we have 

J2u n - P (k) U p (k') = U n (k + k'). (7.11) 



Less elementary are the following sum relations: 

^p U n - P (k) U m+P (k') = y^U m+n -i(k + k') k' ■ oti Tfi U T rn j rn {k -\- k ) 

p&L l>0 

^P U n - P (k) U m+p (-k) = -9(m + n)k ■ a rn+n - m 5 m+n ■ I 



J^P U n - P (ak) U m+P ((3k') = n(3 ™ a U m+n ((a + (3)k) a, (3 G K, a + (3 ^ 0. (7.12) 
P ez a + P 

Now we have 

Proposition 7.2 The operators V n (k),n G Z are well defined on the algebraic Fock space 
according to the relations 

V n (k) = J2 U P -n(-ky U p (k). (7.13) 



Indeed the sum over p is in fact finite because we have U n (k)^> = for sufficiently high n if 

The expressions V n (k) are the coefficients of the formal series 

V(z, k) = U(z, -k^ U(z, k) (7.14) 

We have analogue elementary properties: the operators V n (k) are leaving the algebraic Fock 
space Vq invariant and moreover for every ^ G V we have 

V n (k)V = Q (7.15) 

for sufficiently large n. We have 

K(A;) t = V- n (-k). 
[<,V n (k)] = (l-6 m ) k»V m+n (k). 

£ V n - P (k) V p (k') = V n (k + k'). (7.16) 
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Sum relations of the type (|7.12|) can be found for the V p (k) operators. 
Now we can derive the conformal properties of these operators i.e. the commutation relations 
with the Virasoro operators. 

Proposition 7.3 The following relation is true: 

[L m , V n (k)} = -{c m k 2 + m + n) V m+n (7.17) 

where we have defined 

^i, form> 

*2±i, form<0 . (7.18) 
0, for ra = 

In particular if k 2 = we have 

[L m , V n (k)} = -(m + n) V m+n (7.19) 
i.e. the operators V n (k) have conformal dimension 0. 

The computation is straightforward: we first compute the commutations relation of the Virasoro 
operators with U n (k) and then we use the definition of the operators V n (k). We only note a 
discrepancy with the standard literature where it is asserted that these operators have defined 
conformal dimension for any k G M D ; the origin of this discrepancy can be traced to the 
coefficient c m which is different from the standard literature. Fortunately, only the case k 2 = 
is needed for the construction of the DDF operators. 

We are approaching the definition of the DDF operators. First we define the operators 

K(k) = Yl W*0 + V n - P (k)a$ (7.20) 

p>0 

and we have 

Proposition 7.4 Let k G M D , k 2 = 0. Let us define the following operators: 

K> = K(mk). (7.21) 
Then the following relations are verified: 

l^m) ^n] = —ff V m 0~m+n • I + k 1 * V^ n (k) — k V V^ m {k) 
[-^rnj^n] = ~~ 71 Vm+n H ^m+n( n ^) 

^(*)t = At n {-k) 
A^Vt = Vm > 

A% = (7.22) 

where the explicit expressions V^ n (k) are not important. 
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To construct the DDF operators we have to include the kinematic degrees of freedom also. We 
define the Hilbert space H&? ] = H M <g> J^iov where H M is the Hilbert space of a particle of 
mass n and spin and J-'co} is the Fock space defined at the beginning of this Section. We use 
the convention 

off = p" (7.23) 
and define the covariant Virasoro operators 

Lt ] = ~\ V,u £ : <_ n < : -aS m ■ I (7.24) 
such that we have the following commutation relations: 

Prf, 4 q) ] = (m ~ n)L ( X + D H^zil Sm+n . L (7 .25) 

In this Hilbert space we have a natural action of the Poincare algebra. This Hilbert space will 
have states of negative or zero norm. Now we can define the DDF operators: 

Theorem 7.5 Let k e M D be such that k 2 = 0. Let us define in the operators 

V»(k) = V»(k)+p»V n (k) (7.26) 

and 

K = V£{nk) (7.27) 

Then the following relations are true: 

K\ = ~vT rn S m+n ■ I + H> V» >n (k) - W V£ m (k) 

[Lt\K\ = ~n (1 + k ■ P ) V£ +n + m(m ~ 1} n h? V m+n (nk) (7.28) 

where the explicit expressions V^ n (k) are not important. In particular consider that k G M D 
also verifies y = 0, j — l,---,D — l, k -p = — 1 (e.g. k + = 0, k~ = —\, k° = 0, j — 
1, • • • , D — 1) then the operators A 3 n , j = 1, • • • , D — 1 verify 

[Al, A k n ] = 5 jk m 5 m+n ■ I 
{L%\A{} = 0, m^O [Li a \ Ai) = -n A{ 

{Ml) = A- n 

A{tt = Vm > 

Ai = p> (7.29) 

so they verify the same algebra as the operators a J m . 

The DDF operators A 3 n are the ^-independent component of the vertex operator 

X j (z) e ik - xiz ' nk) (7.30) 

where 

= E \< *" + P" 1 < Z ) P n = E < ZH+ P i - ( ? - 31 ) 
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8 The Covariant Quantum Bosonic String 



We describe the Bosonic string (see Section l6~T]) using the Hilbert space bundle formalism 
First we consider the system of Bose oscillators a^, m G = 1, ...,£) — 2 (i.e. we exclude 
for the moment the value m — 0). The Hilbert space generated by these operators is J-"^; we 
are in the conditions of Subsections 13 . 41 and 16.11 We now consider the following Hilbert space: 

H M = H M ® (8.1) 

with JvM defined as above. We define 

^=p> j = l,...,D-2 (8.2) 

and the transversal Virasoro generators by 



-t _ 
Jm ~ 2 



- ^ '■ °L-n°i ■ ~ aS m ■ I (8.3) 



which verify the Virasoro algebra with central charge D — 2. Then we define similarly to (|6.6|) 
the operators E^(p) : 7-^> a ) — > T-C^' a \ j = 1, . . . , D — 2 on the algebraic Fock according to 
the formulas 

E*(p) = -i £ L T m - L? m a J m ); (8.4) 



m 

m>0 



we can now construct the generators of the Poincare group as in (J6.8)) and the physical Hilbert 
space Tt^yg as in (jfj.fjjl : we take D = 26 such that the Poincare algebra closes. The Hilbert 
space bundle B^'°^ is made of couples (p, f) where p = (p + ,p) G 1R+ ® M 13-2 is a chart on the 
mass- shell and / G there is a natural fibration over the mass shell given by the canonical 

projection on the first component. On this bundle we have the following action of the Lorentz 
algebra: 

£•(?,/) = (£•?,£•/) V£GLie(£) (8.5) 



where 
and 



f v . v = Lr -p (8.6) 

jki = j(a)M •*+ = = ]_E k {p) j + - = 0; (8.7) 

p+ 

here j, fc = 1, . . . , D — 2. The scalar product in the fiber over p is simply the scalar product 
from T^ a) . It is easy to verify all the axioms of a Hilbert space bundle. As it is well-known the 
representations of the Poincare group are induced by representations of the stability subgroup 
of any point on the mass-shell. If we take the point with coordinates p + = -^,P^ = 
(J — 1, • • • , D — 2) it is easy to get from (|8.6|) that the stability subgroup is SO(D — 1) 
and the infinitesimal generators are j kl k, I = 1, . . . , D — 1. Next we get from (j8.7J) that the 
representation of SO(D — 1) inducing the representation of the Poincare group from the theorem 
is 



30 



one can check the representation property using the definition of TC^^]. 

We give now the covariant description of the preceding construction. We define the Hilbert 
space bundle £>Iov"' of couples (p, where p is on the positive mass-shell p £ 1R D p° > p 2 = 
jj 2 and \& G J^iov"' verifies the supplementary restrictions 

L m m = m > (8.9) 

where the Virasoro operators L m = L^m are given by ()7.24|) for the value a = 1. The Hermitian 
form in the fiber over p is the form defined on Tcol- 

We want to obtain an isomorphism to the previously obtained H p h ys - We present briefly the 
usual argument with some simplifications. We first define the DDF states as linear combinations 
of states of the form: 

f = A% 1 ...A*p m 1 ,...,m l <0. (8.10) 
It is useful to introduce the notation 

K m = k-a m (8.11) 

and we easily obtain 

[K m , K n ] = [K m , L n ] = m K m+n ; (8.12) 
we also have for any DDF state: 

K m f = Vm > 0. (8.13) 
Next we have the following technical result for which we present a simpler proof: 

Proposition 8.1 The vectors of the type 

* x>tlJ = L x _\ ■ ■ ■ L x ™ m K^ ■ ■ ■ K<X f (8.14) 

where Ai, . . . , A m , /ii,...,/i n 6ff* and f is a DDF state, are linearly independent and generates 
the whole space Tsl- 

Proof: (i) We know that the Hilbert space Tml is generated by the operators a^ m , m > 
0, n — 0, . . . , D — 1 applied on the vacuum. It is convenient to work with the operators 

a± = -^«±a^- x ) < j = l,...,D-2. (8.15) 

If we take k e M. D as in the construction of the DDF operators i.e. k + = 0, W = (j = 
1, . . . , D — 2) we have 

K m = k~al. (8.16) 

So if we apply on the vacuum operators of the form K-i, . . . , K- m we obtain all the states 
of the form = P(a_i, • • • , alL m )Q with P a polynomial. Now we easily compute 

Aiifi = a j _ x n + p>V-i{k)n. (8.17) 
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Because the second vector is of the type we can generate the states a 3 _ x Vt using the DDF 
operators and the K_ m operators. Afterwards, using the K operators we can generate all 
the states of the form a 3 _ 1 P(a^ l , . . . , aZ m )Q. Using now 2, 3, . . . DDF operators we can es- 
tablish by inductions that all states of the form P(a 3 _ 1 ,a't 1 , . . . ,aZ m )Q can be obtained us- 
ing only DDF and K operators. Next we suppose that we can create all states of the form 
P(ai 1 1 , . . . , a^V^jx, aZ 1: • • • , aZ m )0> using only DDF and K operators and extend the result to 

n by applying DDF operators of the form AL n on such a state. Finally, we note that we have 

L x _\ ■ ■ ■ L x _ m m = const(cQ) Al+ - Am + • • • (8.18) 

where by • • ■ we mean terms containing aZ\ at a power strictly smaller that Ai + • • • A m . If we 
choose the preceding sum conveniently we can generate all states with aZi factors. In the same 
way we obtain the states with aQ / > 1 factors. It follows that the states of the form ^x^j 

are really generating the whole Hilbert space .Fcov- 

(ii) We must prove that there are no linear dependencies between such vectors. If we use 
the well-known relation 

[L , &- m ] = m a-m ( 8 - 19 ) 

we easily obtain that the vector 

* = l[(a<L n y^n, (8.20) 

where the product runs over a finite set of indices, is an eigenvector of L corresponding to the 
eigenvalue 

A = $>e„, p . (8.21) 

n,p 

We will denote by T n the eigenspace of L corresponding to the eigenvalue n. One can prove 
that 

F m nF n = {0} (8.22) 

for m 7^ n using a Vandermonde determinant. Because the subspaces n > generate the 

whole J-'co} we have the direct sum decomposition 

^ = ®n>^n- (8.23) 

Now we use the relations 

[Lq, L- rn ] = m L_ m [L , K_ m ] = m K„ rn [Z , A J _ m ] = m A 3 _ m (8.24) 
and find out that the vector 

= n L - m m n K -n nw fefl ( 8 - 25 ) 

is an eigenvector of L corresponding to the eigenvalue 

A' = J^n(A n + /i„ + 

E^)- ( 8 - 26 ) 
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Let us fix iV G N. Then jF/v is generated by vectors of the type (|8.2(Jj) with A = N; on the 
other hand the vectors of the type (J8.25|) are also generating the whole Hilbert space but only 
those corresponding to A' = iV are in J 7 ^. It follows that J 7 ^ is generated by the vectors of 
the type ()8.25|) corresponding to A' = N. Because the (finite) number of vectors of the type 
()8.20|) corresponding to A = N is the same as the number of the vectors of the type (j8.25J) 
corresponding to A' = N it means that the vectors of the type (J8.25|) corresponding to A' = iV 
must be linear independent. ■ 

We note that in our proof we did not have to compute the complicated determinant used 
in the proof from [T2*] . 

The rest of the proof is standard and can be found in ^2] • The final result is: 



Proposition 8.2 Let D = 26 and the vector \I/ G J-cov verifying 

L m m = Vm > 0; (8.27) 
then we can uniquely write it in the form 

m = f + s (8.28) 

where f is a DDF state, s G S and we have 

Lof = f L s = s L m s = (Vm > 0). (8.29) 

The end of this analysis is: 

Theorem 8.3 The Hermitian form on the Hilbert space bundle £>Iov°' is positively defined. If 
we factor out the states of null norm we obtain a representation of the Poincare group equivalent 
to the representation in the bundle B^ ,a \ 

Proof: (i) If we use the preceding proposition we can write any element in the fiber over p as 
^ = / + s where / is a DDF state, s G S and we have the relations ([8.29)1 . From these relations 
it easily follows that we have 

= </,/> >0 (8.30) 

so if we eliminate the null-norm states we end up with a factor Hilbert space bundle with fibres 
isomorphic to the subspace of DDF states. 

(ii) We have to determine the representation of the stability subgroup SO(D — 1) of the 
point p(°\ It is clear that we have 

j(a)ki Ai = i(5 kj A l n -5 lj A k n ) j, k, I = 1,...,D -2 (8.31) 

so we have for any DDF state 

J{a)klj = j{<*)klf (g_ 3 2) 

We still have to compute the action of the generators j( a ) fc ' D_1 on the fiber. It is important 
to note that from the first relation ()8.29|) we have 

n 

a-f = — L m f Vm>0; (8.33) 
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also it is easy to prove that 

a+f = Vm > 0. (8.34) 
Using these relations it follows that for any two DDF states /, /' we have 

< /', J^ D - l f >=< j(°0*v°-i j > (8.35) 

where in the right-hand side we have the operators (|8.7|) . It is more complicated to extend 
this relation for /' — > \& £ Fcol] for this we have to use the generic form of states and 
commute L m and K m with E^{p^ '). 

As a result we have for any DDF state 

j(a)k,D-lj = jta)k,D-lf (g 3^ 

Next we note that we have for any DDF state 

L f ={ 1 + y) /; ( 8 - 37 ) 

from here it follows that 

<f\Llf>= (l + y) <f'J> (8-38) 

where Lq = Lq is the transversal part of Lq (i.e. it contains only the modes 1, . . . , D — 2). 
As above we can extend the relation for /' — > \& £ Tml so we have 

L T f = (i + y) / ( 8 - 39 ) 

for any DDF state. From ()8.36|) and ()8.39|) it follows that the fiber over of the fiber bundle 
Bio^ coincides with the fiber over the same point of the fiber bundle B^ ,a \ According to a 
standard theorem 9.20 of [24J it follows that the two representations of the Poincare group are 
equivalent. ■ 



9 BRST Quantization of the Bosonic String 

Another possibility is to introduce ghost degrees of freedom and construct a gauge charge 
operator Q which squares to zero Q 2 = in such a way that there is a canonical isomorphism 
between the physical Hilbert space and the factor space Ker(Q) / Im{Q) [T3], jl], j2H|, [I], 
[TB] . We provide here an elementary treatment. First we define the ghost Hilbert space T\ ; 
by definition it is generated by the operators b m} c m m E Z from the vacuum Vtg^ £ J~f ; we 
assume that 

b m ^gh = c m VL gh = Vm > 0. (9.1) 
These operators are subject to the following anticommutation relations: 

{b m , b n } = {c m , c„} = {b m , c n } = 5 m+n ■ I] (9.2) 
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we also suppose that there is a conjugation operation in Tf 1 such that 

Hn = h -m C X m = C-ra- (9.3) 

We can give a concrete realization as follows: Ty 1 = Tb fi ® C where jF fe c is the Fock space 
generated by the operators b m ,c m m e IT and C is the Clifford algebra generated by bo, Cq. 

Proposition 9.1 The following operators 

l m = J2( m + U ) : h ^~nCn '. (9.4) 

are well defined on the algebraic Hilbert space and are verifying: 

[l^, b n ] = (m - n)b m+n [1$, c n ] = -(2m + n)b m+n 
& = (rn- n)t ] +n + l -m{l - 13m 2 )5 m+n ■ I 

(ffi ) ) t = iSL- (9-5) 

Proof: We write 

lm = C + m bmCo + 2mb c m (9.6) 
where V m contains only the non-zero modes: 

C = ^ (m + n) : b m - n c n : (9.7) 

For the non-zero modes the 2-point functions are 

< Q g h, b m c n righ >= 9{m)5 m +n < Qgh, c m b n Qgh >= 0(m)5 m+n 

< Qgh, b m b n Qgh >= < Q g h, c m c n fl g h >= (9.8) 

and we can compute the commutators from the statement using Wick theorem. ■ 
Next we have 

Corollary 9.2 Let us consider in the Hilbert spaces H = Hmv^ <8> T^ 1 the following operators: 
Lfi° cf. |7^1 and 

£W = LW®J a + (9.9) 

t/ien we /iai>e 

4 Q) 1 = (m - n)/fi!n + m (^T^™ 2 + 2a - ^) <W • / 

(£W)t = &l (9.10) 

In this enlarged Hilbert space we have |13j : 
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Proposition 9.3 The following operator 

Q = Y1 ^-^m - 2 E^ m ~ n ) '■ c- m c_ n b m+n : (9.11) 
is well defined on the algebraic Hilbert space and is formally self-adjoint; it verifies 

Q 2 = (9.12) 

iff D = 26 and a = 1 . 

Proof: We separated the non-zero modes as before: 

Q = Q + 4 Q) c + Cf&o (9.13) 



where 



and 



Qo = E £-m c m - \ E E ( m ~ n ) : c- m c- n b m+n : (9.14) 
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p+q=m p+g=m 

The most convenient way to prove the theorem is the following. One proves by direct 
computation (using our preferred method based on Wick theorem) the following formulas: 

{Qi bm\ C m {Qi c m} ^rn 

[Q, C$\ = pmCm [Qi K m ) = -m E K m-nC n (9.16) 

where 

fD -26 „ D-2\ . 
p m = -m m 2 + 2a . (9.17) 



12 12 

We now use the following observation. According to proposition 18.11 we can take in TC the 
following basis: 

= n b -< n c -i n L -i n k - / ^ 

where / are DDF states, the indices of type m, n are strictly positive and the indices of the 
type i,j are > 0. It is easy to substitute Lm = — lm and consider the new basis 

* = n n c -i n £ -™ n / i9 ) 

Because / = Vm > we easily find out that 

Qf = (9.20) 

for any DDF state /. The operator Q is perfectly well defined by ()9.16|) and ([9.20)1 : indeed we 
know how to act with Q on states of the form ([9. 19|) : we commute Q using ()9.16|) till it hits a 
DDF state and gives according to (|9.20j) . Now it is easy to obtain from ([9.16)1 : 

{Q 2 , b m } = Pm b m {Q 2 , c m } = [Q 2 , C^>] = p m C$ [Q 2 , K m ) = 0. (9.21) 
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Because we obviously have Q 2 f = it immediately follows that 

Q 2 = p m = D = 26, a = 1 (9.22) 
i.e. the statement of the theorem. ■ 
Remark 9.4 One can directly prove that 

^ 2 1^ fD - 26 2 n D-2\ 

Q 2 S m ( ^2~ + "T2" J : C " mCm : ( 9 3) 

which is another way to obtain the result. Let us also note that if the conditions D = 26, a = 1 
are meet then we also have no anomalies in the Virasoro algebra: 

[C£\C^ = {m-n)C ( £ ¥n - (9-24) 

To analyze the cohomology of the BRST operator Q we need the following result: 

Proposition 9.5 The operator Q is well defined on the algebraic Hilbert space through the 
following formulas: 

{Q, b m ] = {Q, c m } = 5 m -I [Q, C^} = -mb m [Q, K m \ = (9.25) 

and 

Qf = (9.26) 

for any DDF state f . We also have 

Q j = Q Q 2 = 0. (9.27) 

Proof: Because the operators b m , c m , Cm\ K m are connected by various relations, we have 
to verify the Jacobi identities of the type: 

[[X, Y], <5]gradcd + cyclic permutations = (9.28) 

where X, Y are operators from the set b m ,c m , Cm \ K m . The non-trivial ones are corresponding 
to the pairs (Cm^jCr?^) and (Cm\c n ) and are easily checked. ■ 
The main result is the following 

Theorem 9.6 If^eH verifies = then it is of the form 

* = Q$ + fi + b f 2 + c / 3 (9.29) 

where fj are DDF states. 
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Proof: A good strategy to determine the cohomology of the operator Q is to mimic Hodge 
theorem i.e. to find a homotopy operator Q such that the spectrum of the "Laplacian" 

A = QQ + QQ (9.30) 

can be easily determined. We take such an operator to be the one determined in the previous 
proposition. It is now elementary to see that the Laplace operator is alternatively given by: 

[A, b m ] = -mb m [A, c m ] = -mc m [A, C%>) = -mC$ [A, K m ] = -mK m 

Af = 0. (9.31) 

It follows that we have on states of the form (J9.19|) 

we observe that the eigenvalues from ()9.32|) are > the equality sign being true only for vectors 
of the form f% + 60/2 + C0/3 with fj DDF states. It means that every vector in H, is of the form 

* = ^0 + fi + &0/2 + C0/3 (9.33) 

where \l/o belongs to the subspace Ti! C TC of vectors with strictly positive eigenvalues of A. 

Now suppose that the vector \l/ verifies the equation from the statement = 0. Then it is 
easy to see that we also have Q^o = so A^q = QQ^o- We can write \l/ — Yl ^ where ^ 
are linear independent vectors from TC' corresponding to distinct eigenvalues u > 0. Then the 
preceding relation is equivalent to *f? u = ^ QQ^uj', if we define $ = ~ Q^uj then it follows 
that \l/o — and this finishes the proof. ■ 

We conclude that the cohomology of the operator Q is described by three copies of the 
physical space of DDF states. To eliminate this tripling we proceed as follows. We construct 
the Hilbert space such that it also verifies 

b n gh = 0; (9.34) 

in this case T^ 1 is a Fock space. Then we construct TC as above and consider the subspace 

H = {V G H\b ty = C ( a h = 0}. (9.35) 

This subspace is left invariant by the operator Q; if V e TCq verifies Qty = then we have 
similarly with the preceding theorem 

$ = Q$ + / (9.36) 

with / some DDF state. 
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10 The Covariant Neveau-Schwarz Superstring 



We proceed as before from the Hilbert space Tiiov^ generated by the operators a m , m G Z, [i 
0,...,D and 6{f, r e § + Z, // = 0, . . . , D such that: 

[a m , a v n ] = -r)^ m 5 m+n ■ I, Vm, n 
aftn = 0, m > 



«) + = 



Vm; 



• /, Vr, s 



6£ft = 0, r > 



and define the covariant Virasoro operators 



m 

and the supersymmetric partners 



2 ^2 ' 

n6Z 



^■m—n^n 



E 

rel/2+Z 



r"m+r " 



-a <L, • J 



such that we have the following relations: 



V 

n+r 



[L^\L^] = (m-n)L 



(NS) 
m+n 



+ 



D 



m(m 



1) 



+ 2ma 



6. 



m+n 



[L^ S) ,G r ]=(j-r)G 



{G r , G s } — 2Ll + J + 



D 
~2 



r 2 - 



+ 2a 



{L (NS )y = £ 



(NS) 



m+r 
5 r+s ■ I 
Gl = G- r . 



:io.D 



10.2) 



;io.3) 



;io.4) 



In this Hilbert space we have an action of the supersymmetric Poincare algebra. Then we can 
obtain the Neveau-Schwarz case if we take D — 10, a — 1/2 and restrict the states by the 
conditions: 

L£ s ^ = Vm > G r ^ = Vr > 0. (10.5) 

The DDF states can be constructed as before. First we have to construct operators 
A 3 m , B 3 ,j = 1, . . . , D — 1 such that they verify the same algebra as the operators a 3 m , b 3 r and 
they commute with G r , Vr; (this implies that they commute with L m , Vm.) The DDF states are 
generated by these operators from the vacuum. 

For the BRST description we need to enlarge the ghost space: we consider the Fock space 
generated by the operators /3 r , 7 r r E \ + Z from the vacuum Vt gh e we assume that 



(3 r n gh = -y r n gh = Vr>0. 



(10.6) 
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These operators are subject to the following anticommutation relations: 

[7r,7s]=0 [ 7r , 6.] = Sr+ S ■ I] (10.7) 

we also suppose that there is a conjugation operation in jF| fe such that 

Pl = [3_ r 7 t = 7 _ r . (10.8) 

We can define as usual the algebraic Hilbert space (the subspace of vectors generated by a 
finite number of operators /3 r ,7 r r < 0) and normal ordering in T^ 1 . 

Proposition 10.1 The following operators 

e= £ (y + r):^7r: (10-9) 

rel/2+Z 

are we// defined on the algebraic Hilbert space and are verifying: 

= (y - r) /W [©, 7r] = - + r) 7m+ , 
[Zg\ /i 2) ] = (m - n)fi n + lm(llm 2 + l)5 m+ n • / 

= fi- (io.io) 

Proof: The 2-point functions are 

< tt gh , pr'jstlgh >= -9(r)5 r+s < tt gh , 'jrPs^gh >= 0(r)5 r+s 

< Q gh , PrPs^gh >= < n gh ,-frls^gh >= (10.11) 

and we can compute the commutators from the statement using Wick theorem. ■ 
Next we have 

Corollary 10.2 Let us consider in the Hilbert spaces J^ s = T\ h <E> T^ 1 the following operators 

l£ s) = &®h + h®&; (10.12) 

then we have 

[€ S \ l { n NS) ] = (m- n)/£S + ^(1- 5m 2 )<W» • / 

(« = «?■ (10-13) 

Next, we consider in J^ s the following operators 

g r = -2 £ fo -«7n+r + £ (f ~~ r ) C ~nPn+r (10.14) 

which are well-defined on the algebraic Fock space. We have 
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Proposition 10.3 The following relations are verified 



gt = 9-r 



]m+r 



[C S \9r]=(j-r) 9r , 
{g r , g s } = 2J#? + Q - 5r 2 ) 5 r+s ■ I. (10.15) 

The proofs of the first two relations are elementary. For the last one we use Wick theorem. 
Next we have 

Corollary 10.4 Let us consider in the Hilbert spaces H = Tt^v ® s ^F^s w here the skew ten- 
sor product ® s is such that we have normal (anti) commutation relations i.e. the Fermionic 
operators are anticommuting with b m , c m . We then define the operators 

Q r = G r ®I 2 + h ®g r (10.16) 

and we have 

4^1 = (m- n)CZ S l + - (^- 2 + 2a - ^) 5 m+n ■ I 

{G r , g s} = 241? + r> + 2a- 5 r+s ■ I 

= Gl = (?_.. (10.17) 

The anomalies cancel iff D = 10, a = 1/2. 
In this enlarged Hilbert space we have: 
Proposition 10.5 The following operator 

Q = Q {NS) = ^ L{ ~m C m - ^ 5Z( m ~ ™) '■ C ~mC-nb m+n ■ 

where 

<& 2) = - : := - 7r7. ( 10 - 19 ) 

r+s=m r+s=m 

is well defined on the algebraic Hilbert space and it is formally self-adjoint; it verifies 

Q 2 = (10.20) 

iff D = 10 anda = 1/2. 



41 



Proof: It is convenient to denote by Qj,j = 1, . . . , 5 the five terms in the expression of the 
BRST charge and write 

5 

i=3 

where the sum of the first two terms Q' can be obtained from Q of the preceding Section with 
the substitution Lm' — > so we can use some of the computations performed there. We 

introduce the notation 

H r = 6{f. (10.22) 

and we have as before: 

{Qi bm} = £>\n {Q, c rn\ = ^ = + C^J 

[Q, Pr] = Gr [Q, 7r} = ~ ^ (^y + A C_ m 7 m+r 

[Q,C^ S) ] = Pm C m {Q, Gr} = Kir 

\Q , K m ] in ^ K m -. n c n -\- H m — r '~) r 

{Q, H r } = -J2{j- r ) H r-mCm + ^ K r _ sls . (10.23) 



where 



,'£>-10 o „ D-2\ x D-10 2 n D-2 ,i nni , 
p m = -m[ m 2 + 2a A r = r 2 + 2a . (10.24) 



The only really complicated computation is for the anticommutator {Q, G r }- One can prove 
that we can take in Ti the following basis: 

* = n b n ^ n ^ n n ci -^ n n n h - / ( io 

where / are DDF states, the indices of the type m, n G Z, r,s,i,« G 1/2 + Z are taking 
positive values and the indices of the type i,j G Z are > 0. 

Because Lm f = Vm > G>/ = Vr > we easily find out that 

Q/ = (10.26) 

for any DDF state /. We argue as before that the operator Q is well defined by f!10.23|) and 
(I10.2(il) . Now it is easy to obtain from (110. 23|) : 

[Q 2 , b m ) = p m c m [Q 2 , c m ] = [Q 2 , p r ) = X r J r [Q 2 , 7,.} = 
[Q 2 , C^} = p m C^ [Q 2 , Gr] = KC® [Q 2 , K m ] = [Q 2 , H r ] = 0. (10.27) 

Because we obviously have Q 2 f = it immediately follows that 

Q 2 = p m = A r = D = 10, a = 1/2 (10.28) 

i.e. the statement of the theorem. ■ 

To analyze the cohomology of the BRST operator Q we construct as before, its homotopy: 
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Proposition 10.6 The operator Q is well defined on the algebraic Hilbert space through the 
following formulas: 

{Q,b m } = {Q,c m } = 6 m -I {Q,p r } = {g,7r} = 

[Q, C^ s) ] = -mb m {Q, g r } = -rp r [Q, K m ) = [Q, H r ] = (10.29) 

and 

Qf = (10.30) 

for any DDF state f . We also have 

Qt = Q Q 2 = 0. (10.31) 
Proof: We have to verify the Jacobi identities of the type: 

[[X, Y], g] gra dod + cyclic permutations = (10.32) 

where X, Y are operators from the set b m , c m , /3 r , j r: Cm , Gr, K m , H r . We have some non-trivial 
ones corresponding to pairs (Ci^ S \ Ci?^), (d£ S \c n ), (Dm ,G r ), (G r ,G s ) and (G r ,j 8 ). ■ 
The main result is similar to the one in the previous Section: 

Theorem 10.7 J/$6W verifies = then it is of the form 

* = Q$ + fi + b f 2 + c h (10.33) 

where fj are DDF states. 

Proof: The "Laplacian" is as before A = QQ + QQ It is now elementary to determine the 
alternative expression: 

[A,b m ) = -mb m [A {NS \c m ] = -mc m [A, f3 r ] = -rf3 r [A,7 r ] = -7"7 r 
[A,L^] = -mC^ [A,g r ] = -rg r [A,K rn } = -mK m [A, H r ] = —rH r 

Af = 0. (10.34) 

It follows that we have 

we observe that the eigenvalues from (|9.32j) are > the equality sign being true only for vectors 
of the form fx + 60/2 + C0/3 with fj DDF states, as in the previous Section. From now on the 
argument is the same as there. ■ 

To eliminate this tripling we proceed, again, as in the previous Section: we construct the 
Fock space F^g such that it also verifies 

b n gh = 0. (10.36) 

Then we construct Tt as above and consider the subspace 

Ho = e H\ b ^ = C { NS h = 0}. (10.37) 

This subspace is left invariant by the operator Q and if Q^ NS ^ = then we have similarly 
with the preceding theorem 

^ = Q( WS )$ + / (10.38) 

with / some DDF state. 
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11 The Quantum Ramond Superstring 



The modification with respect to the preceding Section are minimal. We start from the Hilbert 
space Tiiol generated by the operators af^, m e Z, // = 0, . . . , D and df^, m e Z, // = 0, . . . , D 
such that: 

[af^, a£] = -r)^ m 5 m+n ■ I, Vm, n 
a^tt = 0, m > 
= « M m Vm; 
{d£, d£} = -r}^ m 5 m+n ■ I, Vm, n 
d^Q = 0, m > 

W + = d£ m Vm (11.1) 

and define the covariant Virasoro operators 

L m } = ^ : a ™-« a « : — g ^ " : d -n d m+n ■ ~d 5 m ■ I (11.2) 

and the supersymmetric partners 

F m = -r tltv Y, a -n d n +m (H-3) 
such that we have the following relations: 

[L£>, Lf)] = (m - + m ^m 2 + 2maj <5 m+n • /. 

[L { *\F n ] = (^-n)F m+n 



{F m , F n } = 2L%l n +\^-m 2 + 2a j 5 m+n ■ I 

(L^ = i* = F_ m . (11.4) 

In this Hilbert space we have an action of the supersymmetric Poincare algebra. Then we can 
obtain the Ramond case if we take D = 10, a = and restrict the states by the conditions: 

= Vm > F m ^ = Vm > 0. (11.5) 

The DDF states can be constructed as before. First we have to construct operators 
A J m , D J m ,j = 1,...,D — 1 such that they verify the same algebra as the operators a J m ,d 3 m 
and commute with F m , Vm (this implies that they commute with L m , Vm.) The DDF states are 
generated by these operators from the vacuum. 

For the BRST description we need to enlarge the ghost space: we consider the Fock space 
generated by the operators j3 m , 7 m m e Z from the vacuum Q gh e J r | /l ; we assume that 

(3 m Q 9h = -y m n gh = Vm>0. (11.6) 
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These operators are subject to the following anticommutation relations: 

[Pm, Pn] = [j m , 7 n ] = [j m , b n ] = 5 m+n ■ I] (11.7) 

we also suppose that there is a conjugation operation in T^ 1 such that 

Pl = P- m 7^ = 7-m- (11.8) 

We can define as usual the algebraic Hilbert space (the subspace of vectors generated by a 
finite number of operators /3 m , 7 m m < 0) and normal ordering in T%£. 

Proposition 11.1 The following operators 

ti ) = J2{ T %+ n )--P™-nJ n : (11-9) 

are well defined on the algebraic Hilbert space and are verifying: 

Urn > Pn] = [ y - n ) An+n , In] = ~ ( -y + Tl J 7m+n 

[/£>, 4 3) ] = (m - n)fi n + ^m(llm 2 - 2)5 m+n ■ I 

= (11-10) 

Proof: We proceed as in Section |UJ first we split 

^C + y/^To + fW (11-11) 

where the first term includes only the non-zero modes. For these modes the 2-point functions 
are 

< Q gh , Pm'JnQgh >= -9{m)5 m+n < Q gh , JmPn^gh >= 9{m)5 m+n 

< Q gh , P m P n Q gh >= < Q gh , Jmln^gh >= (H- 12 ) 

and we can compute the commutators from the statement using Wick theorem. ■ 
Next we have 

Corollary 11.2 Let us consider in the Hilbert spaces T 9 ^ = !Ff h <8> Ff 1 the following operators 

l<£ ) = ti ) ®h + h®l£ ) ; (11.13) 

then we have 

(e } ) f = *2t- (n.14) 

45 



Next, we define in T 9 ^ the following operators 

fm = -2 ^ h -nln+m + E ( \ ~ m ) C-nfin+m (11.15) 



which are well-defined on the algebraic Fock space. We have 
Proposition 11.3 The following relations are verified 

fm = f-rr 



m 

m 



i fn] ^2 n J fm+n 

{f m , f n } = 2l { *l n - 5m 2 5 m+n ■ I. (11.16) 

The proofs of the first two relations are elementary. For the last one we use Wick theorem. 
Next we have 

Corollary 11.4 Let us consider in the Hilbert spaces 7i = Hmv £5> s where the skew ten- 
sor product ® s is such that we have normal (anti) commutation relations i.e. the Fermionic 
operators d m are anticommuting with b m ,c m . We then define the following operators 

F m = F m ®I 2 + h® f m (11.17) 

then we have 

[4?, 4 R) ] = (m- n)42» + m (^y^™ 2 + 2a) 5 m+n ■ I 

[£ m \ J- n ] = ^ — Tl^j J- m +n 
{Fm, ?n} = 2£ { min + (^"^ ^ + 2 °) " / 

(4?)t = Tl = T-m- (11.18) 

The anomalies cancel iff D = 10, a = 0. 
In this enlarged Hilbert space we have: 
Proposition 11.5 The following operator 

Q = Q {R) = ^2 L<Jt i c m - ^ E^ m - n) : c„ m c_„6 m+n : 

+ £ F_ mlm + C-JV + E h ~mC^ (11.19) 

where 

p+q=m p+q=m 
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is well defined on the algebraic Hilbert space and is formally self-adjoint; it verifies 

Q 2 = (11.21) 

iff D = 10 and a = 0. 

Proof: It is convenient to denote by Qj,j = 1, . . . , 5 the five terms in the expression of the 
BRST charge and write 

5 

i=3 

where the sum of the first two terms Q' can be obtained from Q of the preceding Section with 
the substitution if — ► £m so we can use some of the computations performed there. We 
introduce the notation 

H m = <C (11.23) 

and we have as before: 

{Q, b m } = 4? {Qt Cm} = c m = c w + eg) 

[Q, An] = Tm [Q, 7m} = ~ ^ + TTlj C_„7 m+n 

\0 = o c \0 {R) T \ = A t 

{Q, H rn } = - ^ ~ m ) H rn-nCm + ^ ^m-n7n- (11.24) 



where 



,'D-IO , \ , D-10 o 
p m = — m \ — - — m +2aj X m = — - — m + 2a. (11.25) 



One can prove that we can take in Ti the following basis: 

* = n b n c ^ n n ^ n n ^ n n / ( n - 26 ) 

where / are DDF states, the indices of the type m, n G Z are taking positive values and the 
indices of the type i, j, p, q,k,l E Z are > 0. 

Because L m f = -F OT / = Vm > we easily find out that 

Qf = (11.27) 

for any DDF state /. We argue as before that the operator Q is well defined by (lll.24j) and 
(jll.27|) . Now it is easy to obtain from (|11.24|) that Q 2 commutes with all the operators from 
()11.26|) . Because we have Q 2 f = it immediately follows that 

Q 2 = p W =0 = D = 10, a = (11.28) 

i.e. the statement of the theorem. ■ 

To analyze the cohomology of the BRST operator Q we construct its homotopy: 
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Proposition 11.6 The operator Q is well defined on the algebraic Hilbert space through the 
following formulas: 

{Q,b m }=0 {Q,c m } = 5 m -I {Q,P m } = 
{Q, 7m} = [Q, C^] = -mb m {Q, T m } = -m(3 m 

[Q,K m ]=0 [Q,H m ] = (11.29) 

and 

Qf = (11.30) 

for any DDF state f. We also have 

Q ] = Q Q 2 = 0. (11.31) 
Proof: We have to verify the Jacobi identities of the type: 

[[X, Y], Q] g radcd + cyclic permutations = (11.32) 

where X, Y are operators from the set b m , c m , (3 m , j m , C m , J~mi K m , H m . We have some non- 
trivial ones corresponding to pairs {£W,£n)i (£m ,c n ), (CbP, F r ), {F m , F n ) and {F m ,lm)- 
■ 

The main result is similar to the one in the previous Section. However, the degeneracy is 
infinite in this case, so to avoid this problem we work directly in a smaller Hibert space: we 
construct the Fock space F R h such that it also verifies 

b Q gh = p Q gh = 0. (11.33) 

Then we construct Tt as above and consider the subspace 

Hq = G H\ b ^ = [3 V = £ { R) ty = F V = 0}. (11.34) 

This subspace is left invariant by the operator Q^ R > and we have the following result: 

Theorem 11.7 If $ G Tio verifies Q^> = then it is of the form 

# = Q$ + / (11.35) 

where f is a DDF state and $ G T-Cq. 

Proof: First we have to prove that the states from Tio are obtained applying the operators 

b—mi C—m> (3— mi 1—mi £— m , J~ —mi K—mi H— to With TTl > 0. 

The "Laplacian" is as before A = QQ + QQ It is now elementary to determine that the 
Laplace operator is alternatively given by: 

[A,b m ] = -mb rn [A,c m ] = -mc m [A, f3 m ] = —mfl m [A^ m ] = -m^ m 
[A, 4f] = -m£W [A, T m \ = -mTm [A, K rn ] = -mK m [A, H m ] = -mH m 

Af = 0. (11.36) 

It follows that we have 

we observe that the eigenvalues from ()9.32|) are > the equality sign being true only for DDF 
states. From now on the argument is the same as before. ■ 
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12 Conclusions 



The main results of this paper are: a) An elementary treatment of the quantum string models 
relying only on Wick theorem and paying attention to the domain problems, b) A derivation 
of the DDF operators without using vertex algebras, c) The clarification of the equivalence 
between the light-cone and covariant formalism using standard results in induced representation 
theory; this point seems to be missing from the literature, d) An elementary derivation of the 
BRST cohomology. A comparison with the standard literature is useful on this point: In [23] 
one uses a basis of the type ([9.19)1 : 

^I,J,M,N = • • • b-i /3 C_j 1 . . . C-j 1 C- mi ■ ■ ■ L- mx K-n x • • • ^-t» K fl,J,M,N (12.1) 

where it can be arranged such that the DDF states fij,M,N are completely symmetric in the 
indices M = {m 1; . . . ,m\} and in the indices N = {n 1; . . . ,n K }; of course we have complete 
antisymmetry in the indices I = {ii, . . . , ip} and in the indices J = {ji, . . . , j 7 }. Then one 
decomposes the f 's according to Young diagrams (separately for I U M and J U N). We have in 
both cases only two projectors: one piece is eliminated by the condition = and the other 
one can be proved to by a coboundary up to states of the form f\ + 60/2- In there are two 
proofs, one based on a similar idea of Hodge theory (however the expression of the Laplacian 
seems to be different and the spectral analysis is not provided) and the other proof relies on 
the use of spectral sequences. 

The proof from > [El makes a convenient rescaling by a parameter f3 and assumes that the 
states are polynomials in this parameter which is an unjustified restriction. The proof from 
[To] is closely related and assumes that a certain infinite series is convergent. The proof from [5 
relies on the existence of the operators D n formally given by: : (1 — ^ K m z m y l := z n D n ; 
such operators are also used in the construction of the DDF states for the superstring models. 
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